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A THEORETICAL STUDY OF THE MOTION OF AN IDEALIZED PLASMA RING

UNDER THE INFLUENCE OF VARIOUS COAXIAL MAGNETIC FIELDS

By (;LARI':XCE W. MATTHEWS

SUMMARY fLf'_ 7 3

Tl_e equation._ _ motion of charged particles in

a magm4ic fidd hate been applied to the problem, of

the motion o.f an, idealized plasma ring in the mag-

_etic firbls arixing fi'om direct and/or alh+nating

current flowing through a xct of coaxial drire coilx.

The simplifications inrolred are xuch that the theory

predicts the maxbnum relociti_s obtainable with
the imluct_d-clectromolh'e-force plasma (wcelerator.

For the single-coil imluced-dectrom,,ti_e-forcc

plax'ma accderahn" the ma.rimum aa:ial _,elocities

allained can b_; t'a:pre,_'xed by hro ximpD empirical

equalim_,,', om jor ._'m(tll rd,cith_,_ aml the ,ther./',r

large rdocitie,% prorbled II_,coJ_,_tants are origimdl!l

determined b!/ applicable dat(t.
The re,_'ult._ of a preliminary surrey of mu/licoil

h'are/ing-tv(tre acceleralor,_' imticale that ._,ucb ac-
cderators haw r_r!l e.raclitlg ,h.,_'ign, requiremeldx _if

the p/a,_ma ring i._' h) be c,ntained ,w_thb_ the ac-

celerator throughout the eldire proce,_s.

INTRODUCTION

maximum capabilities ,rod other characteristics
of induced-electromotive-force plasma acceh,r-

ators.

This goal was a('hieved 1)y al)l)lying the the,)-

r(qi('al e(tuati()ns of motion (,f (.|mrgc(t i)articles in

a magnetic liehl 1(, a (list ribut ion ()f equal mmlbers

of electrons and singly charge(| 1)_)sitiv(' i()ns in the

magm,tic fiehl of a sinus()idal ('re'rent flowing

tlm)ugh a co,lxial drive ('oil. The simpliticati.ns

involved in lhe present sludy, su('h as dis,'egar, ling
ell'e(qs of collisions, pressure gra(ti(,ms sf)ace

(.harges, and partial i.niznl ion, were su('h thai the

lhe_)ry must, m,,.(,ssarily 1)re, li('t 111('()l)timum ve-
h)cili('s nttninal)h'in the idealize(| a('('(qerat()r.

The purpose of this p'q)('r is io present the

results of lhe appli('alion .f this simplifi('(I lhc(wy

1o several coil (.()niigurali(ms. The variations in

i11('vehwily due to varialion .f at(,mic weighl of

the ions ('Oml)_)sin _ th(, plasma and l. mmA)e,'s of
ions in the ring are also presented.

SYMBOLS

Tim ralimmlized I,,l<s(t system of units is used

The single-coil induce(l-electromotiv(_-force ac- herein.
c(,h,rator is often referred to in the lit(,ratm'e as A

:m electromagnetic shock tul)e. In many studies ,'t0
such as ihos(, of r(q'erenc(,s 1 to 3, the ac(,(,lerator .1

is used to 1)roduc(' a fast hot shock front for the a

t)urpose of lhe introduction of plasma into various B
fusion machines. In olh(,r studies (for ex_mq)le,

ref. 4) tiffs t yt)(' of ac(,(qerator is us(,d to l)roduce (', ('_, (_, 1)
a hot fast flow over a l)hmt magnetized body. E

An exp(,rim(,ntal amdysis, in whi('h the formation
of the sho(,l_ front was studied (ref. 5), showed e

that the induced-eleclromotiw,-forcc l)lasma ac- .f

celerator was ('apal)h; of producing al)l)recial)ly

higher veh>('ities ttum were ol)s(,rved in tlm leading [
sllock front. ]n this analysis it was suggested i

that a th(,oretical study be made to indicate the K

magnetic v(,(q()r l).tential
azimuthal ('()ml)mwnt of A
used for .10

mimw radius of l)lasma ring
m)ndim(,nsi(mal drive intensity fac-

[ o1'_ polc/4_'lllwrmaz

('OilS[ IlII[S

(.nmi)lete (,llil)li(' integral of second
kind

charge on singly ('harg(,d i)osi! ire ion

fr(,(luen(,y of alt(,rn'_ting component
of drive current

11111Xii1111111 vltllle ()f iac.m

instantaneous drive current

rmnplete ellip! ic in! (,gral ()f first kind
1
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#_'_,]"2 (.onstnnts; see appendix A
dl v(,('t()r difrerential clement

L l,agrangian

L_, :('lf-indu('fance of plnsnu_ ring

m mass of singh, d(,c( ron

m,, mass <)f n number (,f uniformly

('hn rged particles
It HlllllbOi" of ehwtrons or of ions in

t)lnsm.i ring

l' ])or (,hi M funct ion o( her tMn electric

or magnetic

q ('harge of eh, clrMtv

R position ve('t()r of a pfin( ili sp'lec

r r:ldM ('ooMinat(_ ()f a, point in a

cylindri<'al syst(un

r, ..... base h,nglh for nondiiu(,nsionnliza-
(i(m. ('()nsid(.vc(l f()r lliis sludv 1o
])e in'lxinluni drive-(,<>il ra(liu_

r., unit radinl ve('tm'

,%' Hlilllbof ()f ltll'll,"l in drive coil
t tiuw

I" 1)otenlM function due (o ('h,(qro-
sl tit ic lMds

a' axM ('<)ordinat(. of It I)oiill in a
('ylimlri(ml syst(,nl

x. unit axial v(,('l()r

a., 47r+I,,,/:Fx.i,,,

,8 tall() of ion mass to eh,<'tr()n mass

Y nondini(,nsi()nal curr(,nt, [/:I

6,,+ phase anglo of ult ernnting <'urrcnt in
ruth turn ()f drive coil

f ##om'-'/4rdmr,,,az

0 azimuthal co()rdinai e ()f a l)()in( in a
cylindrical sysl enl

unit nzimuthal vector0o

# L_: ,u#,,r

#,, In'rn,('nliilit3 + of ft'ee spit(:(,, 4uX I0 -r
h('ill'V/tli

_.,-- p./F p-"+ (x- x,,,) _

,_,,, :2p.,p

p non(linlt,nsi<)nlli ra(IM v()i)Minate,
]',/_'ttla.r

r n()ndinietlsionlll time ('()(u'(linat(,, o0t
O n(indini(,nsionul azinnlthal ('(i<)rdina(e

(equivalent t() O)

X nondiincnsional axial co<))'dinat e,
f // Fma x

w iitigulin" (h'iv(. fr(,(lu(, icy r2z/, i+li.([iltn++
l)er se('.ond

Subscripts:

ac allornatillg CllITOIIt) niiixinillni vnhle

D quilnt, ily tlss()citlle(t with till turns (If
drive c()il

dc magnitud(, of dire<q-curre)lt coin-

ponent

e (lutint.ity il_s(i('inl(,d with ('[('('tr(ins

of ])liiSliitl

7_ qtl'tlllilv llss()('itll('d with iOllS t)f

])htsinit_

m n+lh tlll'll of drivc-(:oil S VS{("Ill

0 starling ('ondii ion (if l)]asnia ring

A bold face symbol indical os i_ v(,('t()l" qlilinlity.

l)ols over syinbols hidicil, le (li[t'(,r(,ntit_tion with

respect, Io t or to e if over li n(nl(linlens]onli.l
vlu'ililile.

THEORY

All indu(:(_d-i,l(,(.it'oln()(iv(.-for(,(, plasnm ticc(q(,r-

ator consists ('ss('nlially of tw(i COul)lcd coils
siniillu" lo an air-cor(, (i'nlisf(ii'ili(,r. One of t,lics(_

coils is tile drive coil wllieh is ('xcit(,d by a large
high-frequ(,ncy altertutiing curl'(nil.. Tile rcsult-

ant chtl31ging ntt/gnoii(_', field sets ii l) ltll indllood
voltage gradienl in Ill(; ]l('igill)orhoo(1 of the coil

that is (mpablo, provided the g'ts in lliis region is

within the i)ropcr pressure rang(,, of causing 'ul
urc to ['ornl in ill(, nitl_n(,tic fi('hl. If tile drive

coil is circular, this ure er(mt(,s it ('h'cular p|it_snii_

rin 7 coaxial with ill(, driw, coil. Sht(!e etirr(nits

are flowing in botil ('oils, i_ force i'eiiciioli exists

b(q.weoll tile drive coil and the pilisnln ring" b(,-

cause of the int(,rllciing nli_gn(qic rid(ls. Tills
force is the Oll(_ whivh cilii })o usod lO ttcc('i('rat(,

lit(! plilsnitt ring Io high axitll velocili(,s.

Tile t)rol)erii(,s of this uoaxial svsleni arc COli-

sidored in tiffs piili(,r. Schoniali(; dili.grlnns of li.

coaxial coil aocei(,rllt.or lUl(1 the cooi'dhlnte s.vst(,ni
use({ li.i'l, shown in figui'es 1(tl) and 1 0)).

METHOD OF ANALYSIS

An l%nliiysis of the nlotion of the t)hisnilt ring

Citli be underhtken in sev(,rlil ways. Ono way is

to uso the force r('lalions |)etweon the niligilel.ie

tMds of tim drive coil it|l(| the p|nsniii_ ring. In
this ni(_{]io(t, how(,vt, r, it is difficult to lteCOtllit

for the fl).CL t,[ntl 1.lie ring consists of lnovilig

charged particles wliicii (_'l'(+atethe CllrreliL :[lowing

in the plasnia. Anotii(,r niethod is to apply the

equations of motion of a grotl t) Of chllrged partich_s
in l_ nlitgneiic tMd to the probleni of It nentrill
pllisniit ring nioving in lhe field or ii coaxial coil.

]lct'ore tliesc equations lime presented, however,

sovcrM siniplifying assunli)lion s cltil 1)e nllido
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.... Plasma ring

(o)

(a) Plasma ring and coil-turn not:tti(m.

l:mtrrt_: 1.-Schematic di-_gr:tm of "m hMuced-eh_ctro-

motive-force t)l:_sma accelcr:ttor and the cylindrical

coordinate system used in this investigati(m.
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(b) ( !oordimite system.

Jr ----i_

(b)

l"i(;uj{_: 1.-Coimluded.

concerning the nature of the plnsma.
In order to avoid studies of the (41'(,cls of col

Iisions, il is nssumed that the plasma is I)oth fully

ionized and at. a sutIi(qently high lemperature, so

th'tt lhe resistance of tim ring is sm_dl compared

with its imlm'live 3'e_ch_m',. As a r_,sult, 1},;

resistance of the l)Iasma ring may be neglected.

The assumption is also made thai; the plasma ring

IIIOVOS I}ll'O|lg]l a vilclllllll; t,lllls, l)rossure does
nol_ _tll't'(:t the motion of the ring, and the potential

due to pr(,ssur(_ nuty be 'tssumed to l)e zero.

The plasma ring is additionally nssmm,d to be

neutral ill charge; thai is, it is COml)osed of a

number of singly charged positive ions and an

equal number' of eh, ctrons. Also, the ions and

elee{t'ons are asstlmed to forni ott/y otto ring beealtse

of lhe large eh'clrieal forces existing between the

p,trlicles. With lhese assumptions in mind, con-

sidm" t,he application of th(, e(lu_tions of motion

of charged particles to lhe nmdysis of the iudueed-
olect, romot,iw,-forc(_ plasnm, ,l,cc(qeralor.

EQUATIONS OF MOTION OF a PLASMA RING

The Lagranginn of the motitm of a mass mq,

having q charge q, under the inllu(,m.c of a mag-

netic field is given on pnge 347 o[' felt,fence (i as

L= 1,._ m qR. R+ qR. A--I'-- ql" (1)

wh(q'(_

R
A

P

v(,lo('ity dR�dr of lira mass

magnetic v(wlor t)olenti:ll

eleclri(" potential ti(,ld

any other l)oh'nlial

_illce a illliSS 0[" plasma IlIllSt collsist of an eqlla[

nulnl)m' of positive ions and ele('tr(ms, (,qua/ion (1)

n,ust be m(_ditie(/if it is to _,'('ounl l'(u' both groups

of (']mrg('d lmrlMes. This modili('ation may be

lnade by wrilintZ lh(, ],ngranginn for each set of
pavli('h,s and then a(hlil_g lhe lwo fmwlions. The

A livid arises from three differ(m! Cul'reld lool)s--

namely, th(, ('m'renl. in lhe drive (.oil, the current

['roln the [low of (,[e('lrons, aim lh(! (.urrell[ front

the flow of ions. If the sul)s('ril)tS ; :m(Ie are used
lo show tlmt the imli('alt.d fut,.li<m is (_1' ion or

e]er'h'on origin, llwn lhe nmffm'li(' ve('tm'/)ot(,nlinl
A may 1)c wviltt, n AD_ A, i A, whm'e An indicales

lhe veet(w l)Olenlial of lhe (.m'r(,nt Ih)wing in the
drive coil. With the use ()f lifts wdu(, of A, the

],agt'angian of the plasma may I)e wrilt(m as

Sever_] of tim
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applied to equatilin (2). First, ill(, asstmlpti()n is

made that gravitational nnd pressure eft'eels are

so small, <'Omlliu'ed with the magnetic efl'ects, as

to be negligil)h,. Thus, both 1"_ and 1'+, are con-
sidered to lie zero. The assunle<l condition that

the average radial and axial coortlinntes of the ion

and electron rings are the satne may I,e expressed

b V l'i_l+e--I ` Hlill a'i_d'e_d '.

Am+lhev simplificatitm urises from the I',_ct tlmt

only drive coils wit h coaxial circular turns are con-

shlered. This etmdithm simplifies the vector An

b.v elinliunting tilt' r- and .r-<'tmqmnl,nts with only

tilO 0-{'Olll[)Otlollt -_0 )'OIIItlillilig, its Illtt.V It0 St'011 ]iV

exanlination of ill,+ ftillowing integral used to

evalmite A due to +'urrent ; iu a coil (ref. 6, p.

31;5) :

"CI_ dl
A=4;ff iR--R .... (3)

W}lero

ilAo

,ll

R

R.,

permeability or free space
a ,liffereutial element ol+ the coil

position vector of a point in space

position vector of dl

For a coaxial coil ,tl r,,/lO0o, where 00 is the unit

ttzinmihal vector, hlte_ration of equation (3)
around the coil leads to a resultant ve<'h,r in tile

azimuthal (lirection O. for the fiehl point con-
<'(,'ned. Thus,

A. AD(r,:e)Oo

Sin,'c the induced ,,le<'tronlotive for,'es which

accelerate the charge<l partMes are propor-

tiomll to _)A,,"_)t, wlicre / is lhe (line, the initial

ntotion of lilt, [)]_lNlilll is ill the direction of the

azimuthal vector, or the l)laslna tends to move in

circles cottcentt'ic with tilt, drive coil. Also, evltlu-

at(on of equal(on (3) shows that ;lop is ilOl It

fulwtiou of 0; hence, t,nch plli._nlll pttrth'le is slit>-

jeer to the Sill(it' eh,l'ti'lililotivt' foi'ct, ri,g'ardless of

its allTlllar lo<'ItliOli. As li reslill the it|its(ill( Ill(iV

1)e considered Io }:it, unifornilv <lislriliule_[ ill)out

a rhi 7.

_ilit'e tile space chili'gos (.lilt [)e itsF, tllllOd to

](oh] the two phlSlilii-i'ilig COlii])Oileliis togetlior so

tiThily lhttl Ill,, relilliVli ilioli<ms in the r- lind
x-dh'eclions lll'O sinall, lilt, efft'cls of the eloctro-

sllilic plilenlials l',. iiil<] l'i illiiv I)e negletq(,il hi
all; + lrtqlliilOlii ill' tho ovel'all lilOtioli.

_everal siinplifying rt,lations are now required
to reduce oquiilioit (2) io It lilOI'e us0flil fOl'lll.
Sin,!e

As> :l_O<, (4)

and the ions and el(('irons eroate tin itziniutha]

eilrrent onl 3.... that is, they flow opposilol Z ltboul5

the ring but together in the r- lind x-<tireciions --

their corresponding mugnetic vector poteu[ials are

siinilar to that of the ,lrive <'oil, so that

A,--A<0o (5)
it(Ill

A+ =i<o,, (tit

For sinli)licily , the stibscript 0 has been droppe<l

l'roni the terms+,10.D, ;|e.,,lin,l :10_. Also, in ternls

of cylin,h'ical cool'dinates,

R-_+ro+rOoo-+ _CXo (7)

where ro, 0_,, an,t xo are the unit radial, azinnithal,

and axial vectors, respectivt4y, alid the dots over
tile svnit>ols indielite the first derivative with

respect 1o lhne {.

Subslilution of equltlion+ (4-) 1o {7) inlo eqult-

tion (2) gives the ]=ltTi'Itl/7iitti o[ Ill(' |lit(stria ring its

L-_i (.,, <_ m,) (i'-'_/-') + __S/='(,"'°/+ "_+0y)

-+-(q,rO,+q_rO,,)(A+>+,l++A_) (St

The two leriliS q+r0t.+l+ and qe,"0e+l+ iuvolve the

<hderininalion of ;|+ anti ,+t_ wJlhin (lie plasnia

l'ing. Ttiese conipulalitins require tit vohinio fornt

o[ iho integral Jn e<tualion (3) hi which tile Cllr-

rent density distribution is known lhrougiiout tim

cross section of lhe ring. The niltgnilutle <if the
vector polenlilil A illliV be ovllhinted with the for

lowing eqtiatioit (ft'(/iit l'e['. 6, p. 324):

L';-' l>_iA.dl

where [_r is the eliCt'g.v .slot(<] in Ill,, niagnetic fieht

lin<l I,: is the selP-inthlctanc<, ol' the p|Itslna ring.

lit tills study At+t0+ (tilt[ dl=rdOO+. Thtls, ;[

litliV |:lO related io the iitductance its follows:

L,+;-' i- " _= ='b + 0,,. O,/tO--+rr+l; (_._)
2 2

The vahies of tit(> two <.ilrrenis in the p]asillll rilig
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may be expressed _ls

ft.lld

p, 0, and r are lhe n(>ndin.,r_si/>nal Val'inble_"

The substilulion, of these ('re'rent values inU)

equalion (9) results in ll., followinff valm,s of

.I_ nnd .-1_ for the ion 'rod eleclron flows, respec-

t iwqy:

• q,-O_ :r ::Xr, ..... r= pc..,= 0:0

,Ix &, _ dO
:i' _ ilr oar,..... i'-- h" cot,..... O=h " o_

_-- 2-r7 " d_"o,-.,..... r :;].:_ _'., ..... ,I"T0/

1" _COt

(1.)

Substitution of the wdues of A_ and ,1_ from equa-

lions (10) in(o (he J,agrangian (eq. (S)) resu|(s in

_1 (._,'-._,)(;'='+Z')+ [> . l] _'_,r"O[-'-_ > m ,FO, "_"--'2 " _ 2

(q,O, i-q,O,)'
-! (q,O_-}-qO.)rA,,+.L,- .t_rz -- (11)

Alttmugh this form of the lmgrunginn may he
substituted into l_agrnnge's equations to give the

equalion of moliou of the plasma ring, if is more

conv(,ni(,J)t 1o ]rove the tina] equal,ion of motion

expressed ill '1 l]O)((|ill(el')siollal forll(_ as Nll(th II

form shows the wtrious imporhm( paramelers

involved in (he motion. The Lq.grnng'ian (eq. (11))

m,y be (ransl'ormed inlo a nomlimensimml form

wil h the use of (he following relations.
l,e( m 1)e lh(, ilmss of a single eh,clron and a the

number of electrons or ions in the ring. Then,

m .... J_m "_ (1 2)f-

where b>is the ratio (if (hl, i()r, mnss (o the electron

ImlsS. ]f --_. is the charge on n singh, (,h,clron and

4-c the c]m)'ae on a singly ionized I)OSilive ion,
lh(q)

,%

6',= - .e _. (I a)J
_i = '/tg

The following rl,ht(ions arc also used in which x,

(14)

Th(' l('ng( h r, ..... is any given charaet,erJs(,ic ](,)lift} b

co))sidered in (his paper 1o b(, t,he ]lmxinnlm
drive-coil radius. Th(, curren( ill)wing in th(,/nth
(,urn in ihe drive coil is )mn(liml,nsi(mnlized wilh

t,he following substitu(ion :

';., i. .....+i ....... sin (r- _,,,)
"/": 7---- I ......

in which ia ..... an(l i ...... rl'pr('s(qlt, resl)(,ctively, the
wdue of (he direct ('[llT(ql[, lllll| |Ill:. IIl_lXillllllll

value of l he alternating ('urrenl, flowing in Ill(, ml h

fur'., / is the ..tximu))) v.lue of i ...... )rod a,,, is

(h(, I)hns(, angle of lhl, a]l(.rnn(ing current flowing
in lhe mlh t,urn.

Two no)t(liul(,nsionnl parameters :qll)l'ur in tim

process of nomliluensionaliz,lion. These p'mtnl-

eters may be co))v(,ni(.))lly referred 1o as B and _-
nnd nre (h.fit.,d ns foll<>ws:

;tll(I

.I _I xl()' 0:,)
O_]'m+:: (_]'maz

i" ,u,_,,,__"-' ().!) 101an,?/1 O- ]';
= , -- = .-- (1 6)

" 42T" 11t I'm:ix I'maz

The value u is detined t)y L,,:=uuor. In a single-

turn ('oil which (h,fincs lhe l)h(smn ring

l<)g, s'-/'-- 1.75
(l

O'('f- 6, I). 3:}0) wile]'(, r is (he nutj()r radius and a
is the minor ra/livs ot' (he l)lasmn ring. It is also

('onvenienl, t,o conver! .'l., into a l)r(ldU('( of (he

inslanlnnl,ous ('urren( nn({ a ftm('tion of position

oe,,(p,X); l}ms,

4_r 4_r

With t,his sul>stitutil)n, (he nmgnitu(le of the

It.(guc(ic vt,ctor ll<)teu(ial <lu(, (<) tlt(, l/rive coils
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m,ty now be written

A #oi "_2
D= _7r ,_z,=la_7_

07)

where the sunnnatiou covers all turns of the drive

coil. With tile substilution of equations (12) to

(17) inlo equation (11) and simplification, t.ho

l.agranginn L becomes in ils nondimensionul form
L.a, where tile dot indicates differentiation wit,h

respect to r,

L 1-F_ .... . .... o"
,,,,=-o - vo_- x_ T _, _,'-F4,9

N

+11(b,--b,)p3-2 a=7,,,+_'p($,--¢,)' (Is)
*a=l

The equations of motion of the plasma ring are

now obtained by substiluting L.a into Imgrange's

equalions, which are, from referenee (_, page :¢47,

where "__ represents a generMized eoordimtte of

I,agrange's equntions.
If the coordinates p, x, 4,_, and ¢, are substituted

for ,:_ eot,seeutively in Lagrange's equations, th(m

the equations of motion of an id(,alized plasma

ring may be written

0 i- _);;-- o(_b?+ 4,'3 --i-(&--G) "_

s b (pa,,) (19at
--B(4,--¢j >-2,,,,=tv.,_,,

(1+#)_---01_(4,,-+,) _ _"" (rot,)

The equations for ¢_ and 4_,may be integrah!d onvc
and solved simultaneously for g_ and 4',. The

resulhmt equations are

N

-,,,v,_ +%(c',+ (:,)tiP( (_q- oH m__, ) . -

_b,-- j,[_p@ 2t (l__/3)1 (19e)

p ((7,,-- pB_, a_Tm)+ 2_-(C,-F (-/,)
', m=l / (19d)4,,= o_i_o+ %(1+ _)1

where the constants of integration (_ and (', are

E( " ]C_: "Po po+ 2_)Pp.,o-- 2_+,,o--B _ a,,,,,,'y,,,.o
"Ol=l

I.. m = I _!

The subscript zero indicates the value of the

qunnlity at starting time.

The f'unetion a., (or 4*'A.,/uo/,,,) is ot)l.im,(I by inl(,graling equation (3) over (he ruth turn of the

drive toil. The values lhus obtail.,d for a,_ ,m] its derivatives are

v,.K.,-- (v,.+ _,,,) 1%,
o_,,r--2- p(,,,,,+ _,,,),,_

a%_.=2 (x,,,- x) Iv,,,l':,,,- (,,,,- _,,,) K,,, ]
_x o(_./- _,,,)'"_(_.,-.t,,)

where

.,,, Ip,,?+d+ (x- x.,)_l
and

The value of (he argument of the

cllip(ie funcl ions K,,, an(| P.'., is

o,,,)-'+(x- x,,,)-'_l

---_ ,) 2 _ 2 --at.,,, {o,,,(-.,,, .,,, ) ov,,,G,llf,,,--(2o,,,.,,,-pG3(v.,-G,)l'2,.,

0,o pep,,,(v., ! s%)'"-'(v.,--_t,,,)

CALCULATIONS AND ASSUMPTIONS

An inspection of the etlmttions of _)mlitm (19)

of the 1)hlsnm rin_ shows (hal they are nt)nlim,ar

equations with ('omI)li('at(,d fui.'/iot_s of lhc

('On)l)h'(c wwious coordinat(,s. Although no l)roof can he
presen((,d, (he equa(iot)s al)p('ar (o b(, of such n

nattlre that only nunmi'i('n| sohltions ('lilt It('

obtained. With this .l)proaeh in mind, an analy-

sis of (he r(,sul(s is quite similar It) setting ul)
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various experiments in which exact control of ull

parameters is l>ossibh,. For ex:_mph,, i,_ lbe

sludies to I)e pl'i'Soltl('d, lhe following Cf)llll'oL-:,
nrc awdlabh, :no collisions (}<'('ur ht, lween th(, ions

and eh,('irons; the radial and axial ('omp<),wnls of

lhe ion nml ele('tron puths coincide: lhe ('oil

('onfig'uralion and coil <'urt'etlts are controlled;

and the slarting time, initial lo('+tlion, and veh)('ity

of the ring' are exu('tlv<h,t(,rtuhie</. Thismctho<l
also :dlows exact del(,rJninati(m of I)olh the

velo<'ity and h>catiotl of the ring. The nu,,u,rical

solutions were obtained I)y insertingequations 1 l)

inio al) ilHegt'_ti<)11 p1'ogra111 ilsei{ i1_ at1 IIBI; 709{)

electro,tic data processing system. The 1)rogrutn
used auh)malicnlly :utjt_sted the integration inter-

val un[ il n cerlain desired u('<'ura('y was c,I)tnin(,d

f()llr siTnitit'mlt figures for the ('ol}}{)l]l;lliOllS pl'p-

st,riled in ibis l)Ul)el '.

The plasma rings fur nmst of the ('ondilio,,s

(+()[llpill('({ ',v(q'(' ('O/iSi(l(q'('({ (O hi' [llH(h' of ('{lihl{

numl)t, rs of hy(h'o/(,n ions und (qe{'trons. Vnrious

('oils (figs. '.2>a) nn<l (I))), coil comt>in,_tions (figs.
2((')1o (e)), ('urvents, nu,[ ('urrent co,llt)i,mtions

vet,r<, nse<{ I11 Ihe co111pulalJons+ (+o111putatiOllS

were iDade for tile singl,,,-lupn ('oil using nn alter-

lllllill_' ,Irive ('lllT(qll lot' vnhl(,S of the drive in-

lensitv rnclor H vnl'ying from (I.176 lo 1,7fi(},(l()(}
v,'JI]} .C vnrying rrom ()+(]Ol to 1riO. _losl of Ihes[,

('OIll])lltttliOlIS IISP(I S|HI'|ilIg ('Oll(liliolls of Xu ().l,

('al<'tdati<)tP-:. w('r,, also tllu(h' for au a(hli(i()llul

steady currettl [lowing through lhe drive coil.

('onll)Ul;tliot_s v,,(,]'(, t+,_l(l(, for tw<)-('oil, two-
phase aml for fottr-('oi[, tWO-l)hase traveling-wave

syslel+ls with slal"tillg + COl'lditiOlIS SJlllJlar to Ihos(,

I)ri,viously _.'iv(m (,xct+pt l[lltt Pll Was C(lual to (1.75.

A few t+ompututiotls were ttm(h, for' t:t ('oil <.oml)ina-

lion similar It) the ",":,('ylht" fusiot+ ,,uu'hine <vef.

3) lo dcte,',nim, the pussihilities or oscillntio,,s or

_l_(, ring'.

RESULTS AND DISCUSSION

SIN(;I,E-(_OIL AC(;EI,ERATOR

S()uu, (>f tile resuhs ol)tui,u,d l'Pom tht, ('onil)U-

ration o[' the propt, rtit,s o1' a sing[(,-c()[[ imlt]<'t+(I -

e]ectr()l,mtiv('-forcc u<'<'<,h'/'nlor are 1)/'('Sel_te<l 11+

Iigurcs 3 to 7 ;tll+.l ill table I. Tilt' {mills S]lOWll ill
(igure 3 Wt'l't' ol)tail+cd bLv tl.'+.ing the iMIIM co,>

dition that all vt,h)('ities of the ring wet,, zer(> a[
r,, 0. The ,',,s,,hssl)own im,lmlc Ix,.-()a+'celerulors+

oht,('(msisti,lg<)f a si,_/lt'-turn <'oil (tig 2(n)l, rim{
i;:H 54B +;2 - 2

0 Coil turn

m Storting positionof plasma ring

T
rmox

orn

(a}

:[ ooOD

frnax 0

l °
(b}

--_-- 0olg

rmox 0

I °

o o

o

o

o

Cc}

o

I °
rmox

{d)

o
L ff]

emax

I
¢

o o

{e}

(:i) Sitl_q('-turn citil.

(b) l"J',+'e-tUl"la c+;+il.

it) Scylh, type {t,Jtthh' coil.

(<1) Twt>-coi[, tw()-t)h:ts(' :t(_t't'l(,t':lt()r.

(e) Four-coil, tv,o-I)h:tse a('c(,l(,ral()r.

{PI{;I IrE 2. ('(;.J] coIl_igtn':ttJon,, nso{I Jtl <'(nttptll'*tJon'_.

the ()thor ('onsisti,+g of n [ive-tt,l',_ ('oil (fig. 2(h))
whi(+h ,,,or(, or h,ss sin,uhtles {h{, Pur,'e[_t dis-

tm'iht,ti(m,,s('(Iin the <'u{)coildiscussed itil'cfet'tqwe

5. The e{rc{.ts on the i}hts,tm-Pi,,g imtll ,>f slnrtimig
th,, ,'ill/ llL{)tiOII tlt, tilltt'S ru ot}+('r t{lnli zer{:, .are

s}mv<ll Jll ti_tlt'e 4. Th<' e/re<,/s <m lh,(' {)+tills <;,f

n(hl}ng a {{ire('t current to lhe si,,gh,-coil a<'-

('el,.,rator al'¢' sl,mv]+ in figut'es 7){'t) a,,d 5 l). The
variation (}f tItc ]ognrilhm of tim ,,(mdilne,,si(>,ml

axial vel,.><'il.v .i'/'w,,',..... v,,'ilh lht, ](;,g'arilhm <)f lh,'

,lrivc intensity fnct(>r l/u,', ..... is sllowl_ in ligure 7.
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Tile valm,: I)re,'q'nled in table [ reproscnt the
maxinmnl vehwilies eOmliUled for a singh,-eoil

a('('oh'i'alor llsing hydrog'en,, rgon, aml air tlla_mas.

Analysis of plasma paths, -A st udy of the lll_lhs

shown in figures 3(a) to 3(0) show_ (hal the

sluqws of the lmths (11'a given acceh, i'aior whiMi

start at r.: =0 are reliiarkahly silnil.r for a hirg'e

t'ango of vahw: of [/wr, .... am[ iU:',..... lind llial tht,

tlath_ th_,m_|,lve._ _|r(, _moolh aml pro('eml in a

I2

r/rmo x 8

n/(max -

o o t2

........... 010 4

0 015

(a) • Coil-turn location A 1017

0 .4 .8 •2 .6 2.0 24

'( :fmox

I
:t Nill_]t'-ttll'l_. dl'iv'_' coil. 0.001.

OJ/'ma _

I
(b) Single-turu drive coil. --0.100.

OJf m a.r

[
(c) Single-turn drive coil. - ..... = 100.

O)£ma_

(d) Five-turn drive coil. _ n lOU.
I'rna_

I"luvrl,: 3. E|foct of changing the ,,,alLies of the lrtram-

eters I,"wr..._ tin(| rt/r._z on the p'lths of hydrogen

])laslnzi rings. ]ilitial contlition:4: 20=? 0 Oo--ro=O.

liiOi't' or less forward dirl,<'tion. These paih

charlicleri,_lie,q lil't' of ltie lyl)e lhlil ('till ])t' COll-

,_idorod lo I)e devil'((hie 1'oi' an lie('l'lt'rlill)r tiiat

is, forward inolion and eonlinenient Io ii I'adiu_

roughly equal to thlit of llie drive s vslenl.

'['tie undesirilbh, Ml'oels (ill lhe ehliraell'i'i.'qiu,q of

lmlhs ol)lililiud by silirlilig lti(, |lhlslilii ring ill

lilne,_ r0 other ihlln zero iil'e ,geen in tigure 4. The

I)iil]lg showll hllv(, it lolldeli(.y io oxliillld rapidly
1

in 1Re rl/dilll dir'eclion when : li.OO()l (tiff.
_l'ma z

I
4(a)). Wtwn----ILl, llw I)aths may tw very

LX)/'ttte d.

et'l'aliu in l}lal they t'cver_e dire_'tion_, 1o. 1)ai'ound

lhe drive coil, lind timi]ly es_'alW in a direelion

('oniplelt,]v t'oreign to the de_il'('d path (tiE. 4(t)) .

2.4 r

2.0_ + -

, !1.6....

1.2: . !

(a)
8.

24 _

20; _ l

,..f_1.6

1.2" t

, (b)
.81
-.8

i- o

o 0
0 _-/4

O_ " • _3 0 /'r/2

• ._ A -rr/8

• Coil-turnlocation

!

-4 o .4 .8
X//f ,'# 0 Jl"

(_t.) _--_().[)()0 1: n = 10i1 '
O)l*.l_lx f maz

(it)) _/=0.1 _ - _/t = 10ii"

12 16

El(ifliE 4. [)at hs of it hydrogen |)l:lsnlli rin_ in (tie field

of a _ingle-iurn coil, _howing ('ff_'cl._ of ditt'('r(,nt :tarring

tinil,._. Initi.t[ conditions: ;7"o_i'o_00 (I; "eLL=0.1 :
l'm{_:

ro

--= 1.0.
Tmax
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The divergence of the pnth_, pnrtieularly for
[

--0.1, may be due (o the effects of starting
(D]'mlll,

tic(, ring in the presenre of an existing nmgttelic

field.

Other examples of erratic behavior are seen in

fi_zur(' 5, whirh shows some effe+'ts of SI;II'IJ))_Z st

ring' hi tile presetwe o[ a fiehl r+ttlsed by a steady

rurrent. These paths have irregularities and

escape I'eatures sitnihtr to those in tigut'e 4. The

d(welol)n.mt o[ these (qt'e('ts with in('rtmsinF

value of the steady magneiir Itch{ is seen in figtlt'(,

5(at. Theeffe('ts()l'c]mngingboth the maximum
vahle of the alternating ('urretlt nnd the titre('(

(,urr(mt together Iil'O showtI in figure 5(t)'). [! ix

(nit,resting to uole in llgurv 5(11 that, as l/%r, ....

in('reases, tic(, pa(h irregularities and the rnt(, of

es(,al)e in th(, radial dire('lion also in('r(,nst,. '['his

t)elmvior is more or less in ngr(,t.nent wilh tic(,

(,ot.litions observ(,tl in figure 4, where lh(' tmlh

2A

2.o" - L
r//rmax 1.6_ -

1.2" -

8.(oil

2.4.

20 --

¢,-,-,,o,_L6- . %

I£.

(b)

_: _-1 _o0
[] .01 1156

: " _ o .bo Lo65
x. . . . A .50 .6582
'N _ .70 -.5578

r-, 1.0o _m0547

N::X::)_X:.% . • Coil-turn locution

! _i/_frnax n/rrnox

0 10 -4 I0 _2

..... E_ I0 5 1012

..... 0 I0 -2 1014

• Coil-turn Iocotion
....... i

0 4 ,8 1.2 1.6 20

X/Tmcrx

(a) -/ _0.001 ; _ l0 _:'.
o31"m_lx I'ma..

(h) l=id_.

t,'t(;vm,: 5. -l):dhs of "_ hydrogen pla,_ma ring :wc(,h,rat(,d

in a Mngh,-coil field, showing thu (,fleets (ff hoth a dir(,('t

('urrpnt and :tn altermtling cUrr(,iil Ilowi.n_ in lhc drivp

coil. IldtJ:ll eolMitions: :i'o =i'0 Oo_ro=O; :r0 _11. I;
F m a x

r0 _ 1.0.
F ,n ,_+c

irreguh_riIies it.'rease with in(.reasing IAor,,,.;.

Some explanation of this erra(ir behavior may

h(, seen t)y (,Kant(nat(o)( or figure (i in whi('h the
v,rialions of lit(, ('onllmt(,(l valut's of ;'/r, .... (or p),

,,'/r,,,,,_.(or x), :_:,"_r.,._ (or k), rO,/_or. .... (or p6,:), .n(l

7,,, with r=o_t are l)resen(t,d for tic(, path shown in

?'fie

tigut'(' 5(a) for whi(,h -1 =l. [n or(h,r Io int(,l'l)r(,I

these graphs, it is to hi' not('d (hal th(' nxial

n('('('h'ration ft'om equation (19b) dt'l)('n(ls entir(,ly

t)n Ill(' l)ro(h]('t of pC,,, 7,,. and Oo<,,,,"bX; for this

l)_trti('u]ar path, when ¢_,0=-(_,,()_(), ¢_-----_: and

hen(,(, is negligil)le. It ix seen in figur(' (i that

rO,/wr, .... a|It'rtlalt,s in sign several times during

the lh's( ([ttarl('r-('y('le. Since l)oth %, and Oa,,,/OX

tlo not (.hang(, sign, the ac('eleralion nlust there-

for(, ('hange sign. The elr(,(.( of tic(, negativ('
nr('(,h, ration is seen fronl tim first integration, lilt,

('urve for _./<.,v',...... to l)e sulli(.itm( 1o cause negative

axial v(,lot'itit's U) o('('ur and even finally from the

S(q!Oll(| itll('gt'ntiotl, tit(' ('llrVe ror ,£//'maJ., 1[(') CallS('

l])e l)osilion of lhe rink to ()(,con)(,))(,g:ttiv(,.

Th(' os('illntion of tic(' sign of 6,, whi('h ('ause(1

this axial rev(,rsal, is (h,l)(,n(h,nt on lit(' sign of

ill(, numerntor of e(luation (1(,)(') wl)i('h f()r lhis

path is pJL_[oa,,,(14,-sin rl--pa,,o]. Tim (,tr(,(.ts
o[' the nlOlion Ill'(' Stl('h that after SOltt(, vl,[o(,ity

is a('hieve(l tic(, term a,, (h'('r('as('.'-; faster titan

(l_sin rl im.r(,;tses _tnd thus ¢,, b(,+'onws +wg+ttive;

'2°I
80 ]- 2

_40 o I
,._ /

-4. f,-_

Fot ""o

- 40 I

- 80
0

!l ;i I ¢_°"
.8

4#
3

-.4 "_

-.8
I 2 5 4 5 6

l" =w_

I+'I(;I'RE 6. -Ct)ml)Ul(,(I (lltlt+. for tt hy(tro_t,n l)l:_snm ring

:wc('h')':tt('(l in the nmgm,lic fi('hl of a sitL_h,-turn coil

(h'iv('n t)y both (lir(,rt and alh,rtmting (.ttrr(mls in which

(lip VIIIII(' of th(' ([il'('('t ('llrl'('ll( ('(ltlttls th(' IllttXillltllll

va]u(' of 1}1(' :lltpr)l:lti))g" c)lrrlml. ;4t:irti))g ('o))dilio_is.

x r I
-=t).l; =1.0; ;i',)_i'0 Ou -to O. =0.001;

I'r,+nx /'m,lz co?'),),,x

f :0.001; i,_(=! 1; t:l= 1,845.
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the nc<'t'hu'ation is ltwreby revvrsed and also lhe

vt,lo_'ity is reduced. This re_ltu.tion, hc, wev,.,r,

allows a,,(l Fsin r) to lwvome greater than a,,,.,,

and, again, _, be('omes positive. In this fashion
then the oscillation in .o6, ovcurs. If a,.,u is zero,

as in the paths shown in tigure 3, thvn these

,'evt,rsals or sign do not c,vmtr _md the aeceh, ration

proceeds forward in a regular fashion. Also.

t'edu<'ing the vMm,s of //r,+r,..... reduces these

t,,'n|lic t,fft.'ts (fig. 5(b)l. Such . reduction

occurs In'cause the vlmnge in x during a ('3'<'1(' is

small so that +._,,,does not change so rapidly; the

undesired oscill.ltion of 6, is thm'el>y slowed down

or slopped ',',it It t lw result thai lilt, t't'l'ltl it' behnvior
seen in lilt, slroug tMd F,aths is greatly rethwed.

This reversal effect is somewhal surprisin+.r

imlslnttvh as a l)lasm_t ring is gemwally _'xpecled

It, tnovt, frt)ln t hc st rt)nKt+r Io t h(, weaker l>orli<In

t>l' thv lllaffllt'lit' fit'hi. Ftlrthe,'study nntl perhaps

SOlllO t'Xl)el'illwlll aliot| art, reqtlil't't] Io show whether

this idlenomentm actually vxists or is ,?]mracter-

istit' only of tilt, motion of a sing'h, ring in a

,'tmllfitlt,<l alter'tinting anti sternly mngmqic tit,l<l.

.":,tulw impo,'tanct, could I)t, attnelw<l to this

lfllenc, nH,non imtsmtu'h as it is dirvctly nssociated

with the pt'ol)h,ln of inst,rtina" n I)lasnut into tt
mirror n_a:'him+ m' ollmr tlirecl-currt,nt ccmtain-

=nt,nt llmchim,ry u ith tilt, use of +t singh,-<'oil
l= t'('{+l (*I'll t O='.

These <'<msith,rntitms c<m.erning plasnm-ring

paths in<lit'ale thnt tilt. ring shouhl Mart ilUlUedi-

alt'ly alumtl of lilt, +'c,il with a value of I Mr, .....

=rot Intwh greater l}l;tlt 1).()()111+ if n t'mtsonabh,

jet-lil,:v !)lasnm stream is th,sirt,tl t't'onl lilt, nccel-

t,='ntor, antl lh_ll SUl)erimlmSt,d steady mtlgm, tic

lit'his "+','ill I,mst likely not In' Iwmqicial to tilt,

,'mltainmt,nt of tilt, 1)laslna "l=hg within the nltlil,s
of tilt' tI='ive-coil svstetn.

Analysis of maximum velocity values, Tilt,
]mlxituutu vnha,s of tilt, fot,r nondimensionM

vvh)cilies cOlnlmte(l for +l singh,-coi] accvh,r+itor

using' hyd='t)gen+ argon, and +fir plnsnms tt='t,

prt,sentvd in t+ibh, I to show the oMm's of =nnK=li-

trait' of tht'st' velocities. For exa=nt)h,, tht, ratit)

of tilt, t,h,ctrot! nzinlulha[ vt,locily to, lilt, ion

nzimulhal velc,<'itv is nearly equal to lilt, valut, of

d+ 3+ ln='Ke variation is holt,t] i=l tilt, ratio of

tilt' axial vt,Iot'itv of tilt' ring' to the nzituutlml

ion vt,hwity, l'roill about St) to ='ot=ghly 2,()(I().
(h', the, other hand, tht, "=ll=g' axM velocity ,,.-aries

froJn O.l to 0.03 of the eh,vtron azi=nt|t hal vdo4ty.
The maxitumu nxiM velo<'ities exhibit st,verM

importanl features which are I)ettt,r observed in

figure 7. The curvt,s shmvll in this figure nre
conq)<)sed of two strnighl lines, with a transition

l)t,tween the two thnt is Mmost n sMr I) hreal.:.

The slope of tilt, vm've is found it+ l+)e very close
to t for snmll wlhws of I/wr, .... and el,:)se to }+

fo=' large vnh=(,s of I/oar, ..... Fro=ll tht,st, vahlt,S,

lilt, .xM vt,lovity re+iN I)e (,xpresst,d 1)y th(,

following t wo feint ions :

lllld

=(,,_ / : ]..... ..... (++......>,)

:it =('.+ 1 ,l (,')(o:/',,,,_.r _
OJ /+/:t_t3" CO/+ma+r ,

'2o)

(2t)

wht,rt, +' is the value of l/o2r, ..... at tilt' l,:m'e of the
('t= ='VC.

An t'Xalllil=atio=l of the basic computed data

showed that lilt, knee of tilt, curve oc<'t=l'S tli vMues

or 1�oar,..... whM= ac<'t,h,rate the I)htsnla ring away

frotu lhe vivinily of tilt, drive coil in 0.25 to <).5I)

ol'a <l='iv<,-<'tlrr<,nl t.ych+. Thus, t,qualitm (20)nmy

Gas o/t'ma x

0 Hydrogen iO 12

I3 Hydrogen I014

0 Hydrogen 1015

z_ Hydrogen !0 l?
D. Argon 1015

lb Deuterium 1.56 x I019 (Calculated from data of ref, I)

.-q Deuterium (Experimental value of ref. I)

o Air 56 xlO t? (Calculated from data of ref 5)
0 Air (Experimentot volue of ref. 5)

3l I • T

2_ + + i

i .///

+/- ....r.........-,
/ I-4 J _ ._ i J J I I

-6 -5 -4 -3 -2 -I 0 2 3

IOg,o//,,,%,,,,

I"I<_tRE 7. I,',tr<,vls or v:u'yin_ l,,"wr .,..: nnd . 'r,,.,+.. <m Ihe

Ill/IXiltllllll vehwity <,f \'_tt'i<lllS llhlsllltt rillS,-, ltt'('t'l_'rtth'<l

in a-in_h.-turtt li-hl, luilial ccmditiow,: ,i'0 i'o O,

r. 1).
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TABLE I.--M:AXIMIYM \'ALUES OF TIlE VAIIIOITS VEI,()CITIES COMPUTI,]I) FOR A SIX(ILE-(_OIL

I N 1)UCI_il)-E H,:CTR (1M OTI VI'2-F()I{C I'; ACCI'_ l,l':lCVrOIt

Drive

intensity,
l / o)rmaz

Ions ])rr

unit

length,
II [ f m a x

Nondim(,nsional Nondim_,nsional
•txial radi:d

w'locity, vdI)city,
)! /50r m a x /' _ O) I' m +_x

Nondimension:d N(mdim(msion:d
dect ron ion

azimuthal azimuth'fi

v('h)('ity, vdocit.5",

I

Single-turn coil; hydrogen })l%m:_

!

10 <

1()-4

10-s

1(1-1

1. 0

1(141

10t2
14)1_
1012
11)14
1(11:
I()lr
11)12

1017
101e
11114
li) 1_
1017
1012
1(1"
II)t_
l(W
IO 12
101_
l()t_

1017

0. 0 t 36
• 0417SS4
• 153(;
• 13S9
• 4)S29!1
• I)095SS

1. 136
• 7939
• 1037

12. 61
11. !17

9. S25
3. 316

,l(). 7!)
3S. S2
311. 73
I0. 50

400. 5
3SO. 2
311.9
106. 1

0. 0()I 2(;3
-. 0414)4(129

• 411414
• O41Sli 7

--. ()037S(;
--. 4101173

• 10i)5
--. 4)6520
--. 4)1150

1. IS,'.;
• a7416

--1. 150
--. 7O4
3. 667
1. (;5(,t

--3. +I()3
--2. 17,1

37..t9
I S. 06

--36. 95
--22. 59

0. 3()2
• 2251

6. 90
5. 2S5
1. 715

--. 4134.t6
32. O0

13. 71
• 2766

330
293.
147•

6.

1, 0.141
N95.
.t(14.

19.
10, 477

9, 031
-l, 532

192

7
1
23

•1
7
SS

-.-0,00027
-- OO0122
-- OO374
-- 00286
-- 000929

0o001 ,"-;7
-- 0175
-- 41074
-- 0001,1¶19
- 17,',;,',;
-- 159
- 07!17
-- 00:137
- 564
-- 4S5
-- 251!1

01O71
--5. 676
--5. O27
--2. 456

--. 103, c-,

Singh,-4ur)t coil; :trff, on l)l:tsnm

IO _
lO 4
I0 a
ll) 2
ll) 1
1
100

I(P
I(11 _
I01_
I(ll _
lot 5
lOiS
lip

0. OO1270
.0127
• 1413

1. 102
g. 976

12. 78
128

-- O. 0004)72,_l
--. 00072()
--. 00(i(i(i
--. 1 1,10
--. 5310

-- 1• 795
--lS

--O. 155S
1. 505

21. 7(.)
lI0. 1
34;7. 9

1, 171
11,650

O, 4)000021 _11
--. 4)000206

• 4100300
--. 001532
- . O05()S
- -. 01608
--. 156

],'ive-ttlrtl coil; air t)lasma

0. 0227 5. (i :'::: l017
• 117 5.41 >(1() )r
• 5(iN 5. (i >" 10 .7

O. 346
4. 106
2. 613

-- 4). 330
--1.17
-2. S15

2. 12
6. 5-I 1

1 ,t. !)s

- +41. 0(100452
• 04)01223

--. ()0(12S01

he (,Xl)(,[.t(,(l to result fro]n (he 'lssu]nl>(io]l of tl,
lin(,nr i.('r(,ns(, in lift, )h'iv(, (,urr(qlt; that is, lit(.:

a(!<'(,h,ra! ion o<.(,urs (It)ring lh(' l)('rio(l for whi('h sin

r=r. E(Itaati()n (2111 t't,sulls from tlt(' int(,gra(('(l

(,fie('( of n large tmnfl)(,r of (I 'iv(,-(.urr(,nt ('y('h,s art-

ing on lh(, )'ing (luring lh(' l)('rio(l ()f a(.(:(,leration.
In fact, )l highly al)l)roxitm_t('<l soltltion itwolving
these (,o,ditions ('._n 1)(, (,Ir(,<.led to show a theo-

t'(,ti(m[ hasis for (,(Ittntions (20) nn(l (211. (S('e

nl)l)(,n(lix 3,.)

Approximate equation for estimation of axial
velocity.---Two t,xl)r('ssions which tm+y t)e used
for the (,stitmdion of th(' axi_d v(,h)('iti('s ()l)lair_(,(l

in a singh;-('oil l)lasnm .(.(.(,h, ralor are given hy

(,qua(ions (A7)and (AIO)wlli('h are (h'v('lol)('(l in

lh(' :q)l)('n(lix. 'l'h('s(' r('lalions are

• F p 7 I''_ \ 'tl('(*I>]:.a¢'_ 1'2
J2 _/{'I

o,,.,..... Li_•;,:+',(-)a_J ,.

for large vnlu(,s ()t' 1�cur, .... _tn(l

[ +°SAT:' /
+.0 l'._+t t

for sm_dl valu(,s of 1�oar,...... The ('o('IIi<'i(')Hs/_'1 II]1(t

t{+,2 i/l'e llSSlllII('(| |O ])e COIlSttlIItS eqtltll tO l}l(' ,'tV(q'q()'( ", r-,
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('ff('('l Of the magneii(, ti(,hl on the l)lasnm ring.

lhwausc of the conq)li('alions involv(,d in the cal-

culationsof _'_and kz, it is prt, f(,rabh, to (h,iermin(,

the values from (,Oml)Uled data, SIl('h llS ihos,,
giv(,ll in table [. If k_ and ,{'_are dct('rmim,d from

the hydrog(m data for [ =lt)()and- [ =10 --4,
O_['mrt_ O_]'l/ta.r

the values of ]q will vary from 260 1o 2(iS for the
rnllg(, ()1' Ihe giv(,u values of _, wh(,rens th(, v:du(,s

of ,_'2will vnry f,'om 5S,0()11 to (ill,000 for the s;lm(,

values of _. If the average vn|u(,s of,{'_ and h'_ are

used with v _- 1. then (,quatim, (A7), for lnrge valu('s

of //c0r, ...... may he (,Xl),'ess(,d as

,i" ) E I -1'" I "=')(_:_ (_,,,,,,) (:L),wr, ..... i.l i2_)#d • '

and e(lmition (All1), for small values of I/'_r, ..... as

[ ' T _ '5' :=62,900 - '23)

The iransfm" t)oinl betw(,en (h(, two equath)ns

o(.(.urs for valu(,s of I:_r, ..... at which ./'/_r, ..... is
approximatdy equal to 1. (See fig. 7.) It shouhl

t)(, noted Iha( (h(, t'or(,going values of k_ 'rod/c.: arc

devdop('d for a single-! urn, singh'-('oil a('('.d('raior.

(.";e(, fig. 2(a)/) ()t]wr singh,-(.oil configuralions

with plasma rin_zs starting at diff(,renl lo('ations

will most likely have different values for k_ and ,_'e.

The nppli('abilily of t h('s(, e¢tm_li()ns to a g_l.s

olher than hydrogen (for example, nrgon) may be
('h(wkcd by sul)stituling 72,784, the value of fi for

nrgon, into equntions (')')) nn(I (23) nnd lh('n ('ore-

paring the results wilh lhe ('orresl)(mding ('o,n-

puled values given in tnbh, I. If /--=100, thc
50 i",v/a;g

value ()tdain(,([ I)y us(' of equation (22) is 127.(;

as v()ml)ared wit}) 1'2.% the value t'ron) tabh, 1; if

I
...... 111-4, the vnlue from use of equation (23)

O_ll'm(t2.

is ().()134 as compared with 1t.0127 from lnt)h' [.

This ,'los(, agr(,l,lll(,nl lmtV I)(' fortuilous, bUl it

does suggest that (he foregoing rdalions shouhl b(,
useful in the ('Oml)arison of various a('('eh,r_dors or

for the ('xtz'al)ohtlion of the results obtaim,d from

a given ac('('h'rat()r, provided values of k, and £2

(lint nre r('l)resentative of lh(, Imrti('u]ar a('('(,h, ra-
l()r used can I)v determined.

Comparison of theory with experiment. Ex-

p(,rimei,tal values of axial veloriti(,s ot)(aincd in

singh,-('oil ar('d(,ralors are r('porte(I in r(,f(q'(,iw(,s

1 and 5. Th(,s(, values ,nay 1)(, used for rompari-

son with wtlues vomtmted from equation (2911.
Consider the data given in r('feren('P 1, for whi(:h

('ir('uit ('apa('ity is 0.S8 microfarad; the total in-

(lu('lanve is 0.295 mi(.roh(,nry, th(, ring m_lss is

13/1() -6 g'ram of dmH(,rium, th(, driving voltage

is 60,000 vohs, aml th(, timd veh)('ity is 5/1(:

('(,nlim(,l(,rs p('r s(,('ond. The values of th(, I)aram-
etm_ used in this paper, wlH,n rnlruhH('d from th(,se
(Inl_l, _tl't' _ls foll<)ws:

1
=1.051

o21'mct2.

(with the assumption that one-half of lhe drive

('urrent is used 1o drive the forward-moving
plasma ring and one-half to drive the rearward-

moving I)]_sma ring)

:1.511/.11t m or .(" 15,6011
]'max

3,690

(with the assumptiol_ o1' singly i()niz(,d deutt, riunt
ions).

If th('s(' v,lues of ,{', _, ttnd I/+r, ..... are sul)-
slitut('(| into c(|unti<)n (22), the resu[htnl wdue

of _/oo/',,,,z is hi)out 2.5, whi<'h Inny be ('onll)_tr(,([
will_ the ('xp(,rin,enlnl vnlue ()f 0.919.

A similar nmdysis may also I)(,mad(, of the (l_tl_
l)r('sent('d in t'('f('l'(ql('t' 5. The values of tlm

paramelers /:o:r, ...... .(-, and _ ot)taincd from these
(]ntn 'ire

I
- --0.5S7

=5.757,10 or _= 575
I'm,l:

# 53,500

(wiih the assumpti(m lind the av(,rng(' ,,mh,('uhH"
w(,ighl for air is 29).

If these values nr(, sul)stiluh,d in(o ('qualion
(2"..)), 1}1(, resullant v:du(, of:?;wr, ..... is 2.05. ||ow-

ever, the singh,-luru ('oil on whi(.h ('(t(l;tliOII (')'))_=

iS 1)as(,d is at)l)re('ial)ly difl'vrent from lhe m,p
coil of r(,feren('c 5. The tiv(,-turn (.oil (tig. 2(b))

has a vurrenl dist,'ibuti(m whi('h is fairly repr(,-
sentative of the ('urr(ml (listril)ution found in th(,

sing'l(>turn ('Ul)-shal)(, ('oil us(,(l. A('(ual ('om-

I)utations of (h(, five-lu,'n ('oil, using equati()n
I

(22), wi(h ...... ().ll7, gave a valu(, for a_/'c0r,.....



MOTION OF 1DEAI.IZED PLASMA RINGS IN MAGNI,;TIC ]:IELDS 13

of 1.106. The rcdu('e(l value of I/co/', .... was used

to keep tile _otal current tlowing around the five-

turn coil the same as the current flowing in the

cup coil.

MULTIPLE-COIL SYSTEMS

(_omputations were also made of the motion

of a hydrogen plasma ring in the magnetic fiehls

created by several commonly used multiple-coil

devices. The first system was a magmqic-mirror

system similar in operation to the Scylla fusion
machine discussed in reference 3. The second

system c,onsisted of a two-coil traveling-wave

system in which (he drive cm'r(,,t of (he second

coil fagged that of the first by _-/2 radians. The
third system was an extension of the second in
ttmt two more turns were added in which the

phase la_s were _- and 3_r/2 i'adinns, respectively.

Even though the studies were incomplete, they

did show several inleresling phenom<ma concern-

in/ the molion of phlsma rin/s in mullil)le-coil

systems.

Two-coil fusion machine (Scylla). -The system

used for this cOlnl)utntion <'otlsistcd of two coils

localed as shown in figure 2(c) and was investi-

gated to determim, the existence of plasma-ring

motion which wouhl be sy.)mclriral with z'est)(,vt
to a center plane l)(,lw(,(,n (he coils and oscil-

1.tory with respect (o time. ScverM of the p, ths

computed are shown in figure 8. All the paths

stqr(ed nt a):_--0.9 and p:_0.75. Al(hough

re'my of the l)nths (urn around nn(l start back,

the I'evcrsul i/self is not sy.nnlotri('al and (he lm(hs

(Io not re(race (])(,ms(,Ives, s<> llnd no evidence

of periodici(y seems 1o exist. Thus, this system

does not show (,viden('(, (hat it, is ('al)nl)le of

hohling a plasma ring in an oscillating path for
more (hall a cycle or two. Th(, r(,sul(s of the com-

p)dtations S,,l_ges( (hat [his system has vory poor

plasma-containment features.

Two-phase traveling-wave accelerators. The

(wo-coil, two-phase system used for an ini(i.l

survey is shown in figure 2(d). The four-coil

sys(em, ob(ained by ex(ending (he (wo-coil

sys((,I,,, is shown in figure 2 (e). Th(, pal hs ol)t ained

fiw (he two-coil, two-phase, (raveling-wave system

for 't range of vMues of/,%', ..... 'm, shown in figure .%
These paths show that the two-coil syslem may

have floor ('onlln(,mont I)rol)er(i(,s , as only one of

lh(, froths computed remains within the rn(lius

of (he sysl(,m (hroug'hout the a('<'eleralion l)(,rio(l.

1,2

I

,8

.4

0

1.2

l • Coil-turnlocation

f/wf lDox

10.35 x I0 -3;

---- 6.56x10 "3

This l)elmvior wouhl indic,l(, that Lh(' l'_lllg(' of

values of /,/cot', ..... l'of which ev(,n a siilit)h, lrav(,lin/:

_rll V(' _ < ' ( ' (' I 1' 11_ _ ( ()_1 will op(,,'at(, as n limmr a('('eh'r-

alor is quite limi(cd. A similar condition is
ol)serve(l for lhe paths in the four-coil, two-l)hase,

lravelil_g'-wave n('('(,lerator presente(l in fl/lll'C lO.

Ag'M)I, (rely ore, of th(, pulhs ('o)isi(h,r(,(])'(,mnin(,d
within t he confines of (h(, n('ceh,rnt or.

The ('omph,te (lain on (he ('onfi)w(l l)ath for the

l'ou,'-coil nc('eh'vator /-=3.16:,< I() 4 is shown in

figure 11. Two interesling features are ol)served

ill this li_llr(,; o/l(, is (hat (h(' (,h_<'(ron vt,lo(,i(y

r&_ is always l)Osilive, the other is that the ring
col'ma x

lime history (h)(,s m>l lag the magn(,ti<'-fiehl lime

history within th(, coil I)y ii)()l'(, than on(,-f()urth of

a (Iriv('-('urrenl cy(']e (thnl is, 7r/2 rn(lians). The
1

tim(' history of this (.mdilw([ froth, =3.16::i
col'ma x

l0 4, is ('Olnl)at'('(] ill figure 12 with two paths f<)r

whi<'h the l)lasm:t ring ('s('al)ed from th(, confines
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2.6

2.4

2.0

1.6

1.2

.4

I I --

- + -1

.4

I/°armax (x/_ormoxlh?_ol

o 10-4 -0 0189

[] 10-3 1128

0 1o -2 2913

& I0 -I 3.840

• Coil-turn Iocoflon

0 t.2 t,6 2.0
x/rmox

FIGUI{E i). _.)ltlb[iS of a hydrogen pia_n-ut ring in a two-

l)hase, t raveling-wave magn(,lic field, showing the effects

of varying ttw drivc-inten,_ity p',u':ml[,tur I/_or,,_.

Initial conditions: :t'0=i'0--O0=r0=O; _n -_l[)ls.
/'max

I
o[ the accelerator, --1.OOXIO -3 and 3.16)_

O)/'ma x

lO -3. It is seen that, for both pnths for which the
i'in_ escapes, the ring time history leads the

magneli('-lield time history, so that tlw plasma

ring may be advan('ing into a magm'li<! fi('ld

opposite in sign to that in whi('h th(' ring is fm'tucd.

This l)t,havior is lwliev<,d to give rise to the re-
at'lions whi('h ]e,ul to tlt(' es<'ap(' of the ring.
Als<), if the ring slips mort, than a half-('ych, (that
is, phase lags o('<'ur greater tlum 7r), it is reasomtl)h'
to suppose that similar non('(mfining rcatqions will
t)(,(+lll'+

Although this unnlysis represents idmdized
1)lasm_ rings moving through a va('uuln, it: is
diIlimdt to see that an a('lual lrav(,ling-wav(,
ac<'t,h'rator would be nt,y h'ss string(mr in its
desilzn re(tuirenwnts. It is 1)elievcd, therefore,
that ('are must 1)(, taken in cltoosing tire correct

v+tlm's of the tmrameters [/o:r,..... _', and 5 if a

4

3

o I 2 3 4 5
X/ rmox

l:l(;t:_{l.: lO.---l)aths of a hydrogi,n plasma ring acceh!rated

in a four-coil, two-ph:tse, traveling-wave system showing

tim effects of varying the driv(>intensity parameter

n lOla¢ ,Isoal .... Initial conditions : 2_ :/'o: =0.=: ro =0; ----=
Ymax

25- I 5
A_rox axiol Iocetionof zero mognetic field.. _ ,4 ,

7TT'g -[  --2Z _,-YJ
0 I 2 3 4 5 6 7 8

r :Oaf

I"](;t:_{E ll.---(_omputed datit for a hydrogen plasma ring

:_ceeh+ratcd in a four-coil, two-phase, traveling-wart

accelerator. Coil radius--tin,+; coil locations: O, 0.5r ....

1.5r, ..... and 3.0rm._; initial c(mditiot_s : _'o _ro _ _}t)= ro_ 0.
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4 , ,

o Magnetic field

- 0 Plasma, ]'/ermo x = 3.16x10 -4

0 Plasma, I/_rmax = I.OOxlO "3

Ring escapes from

influence of accelerator- _ / /_

4 I .....

0 Magnetic field , i

-O Plasma, I/wrmox= 3.16xlO "3- i !

i -y.2

----......... i -'....
0 I 2 3 4 5 6

T:Wt

FImmE 12. Compqrimm of time history of x-coordimde

of a plasma ring accch'rated in a four-coil, t wo-l)h'_se

accelerator with the axial time history of _.lle mngn_%ic

field. Initial conditions: J'o=i'o 00 =0; r0 =0.75.
rmax

traveling-wave accelerator is to keep _ ring con-
fined within its radius during the entire accelera-

tion period.

CONCLUDING REMARKS

The equations for the analysis of the motion of

RINGS IN I_IAGNETIC FIELDS 15

,m idealized plasma ring under the influem'e of a

changing magnetic tiehl show that three lmram-
eters control the motion of the pl,_sma ring in a

g'iven svslem umh,rgiven initial eomlitions. These

parameters are the ratio ol7 the maximum drive
(.urrent to the produ('t of the drive frequency in
ra(lians aml the maximmn radius or th(, drive-coil

system, tim ratio of the mmflwr of electrons or
ions in 11,, ring to the maximum radius of the

(h'iv,, ('oil, :rod tim ralio of the m'_s of the ions

composing the ring to the corresponding mass
of the elect tons.

The ('Olnl)uted results indicate lhat _ sil@e-

turn, single-coil ac(.elerator should fum.lion best if

the plasma is :dlowe(l to form just, ahead of the
coil and lo m'('_,h'rate from that ])osilion. The

l):Hhs of rings whidl starle(l in th(, presence of a

magnetic [Md usually 1)e('atne erratic and es(':q)(,(I
from the confines o1' t,he ac(.eh, ralor in more or less

a radinl direction.

Equations arc given which allow the 'q)l)roxi-

mate 1)redi(qion of the axial velouily ol)lain('d in a

single-coil a¢'eeh, rator t)rovid('d lhe velocity is
k.llOWll ['O1" SOllle set of till, ('OIl|F()[ l)'IFtlllllqe]'S.

(%m])arison of the lh(,oreti('a] valm, with :_vaihd)h,

(_xperim,,nlal data showed reasomd)h' ag','eemenl,
I)eller than 1o an order of Jmtgnilud('.

A rather 1)relimin,'try amdysis of a traveling-
wave a('('eh'rat(u' imlieated ttl'_t this system may

be expected to be sensitive to the values of tim

(.ontrol parameters used; thus, a very Sol)histieated

design will most, likely 1)e necessary if this ,w(-('l-

crater is to 1)e operated successfully.

LAN(]I,I';Y ]{I';SE._,|{CII (]EN'I'I';t(j

"_NTA,FIONA[, AEIi:ONAITT1CF, ANI) SI'ACE AI)MINI,'-;TtLXTIONp

LAN(;LI':'_" AIR FORCE BASE, VA., ,[aly I2, 196'1.



APPENDIX A

APPROXIMATE EQUATIONS FOR THE AXIAL VELOCITY

An approxinmte integration of lhc equations
of motion (191)) and (19c) can be made fi)r the

condition for which the velocity of the plasma
ring is zero at the starting time r0 and the drive

etlrrent is alternating only with the same wtlue in
each turn of the drive ('oil. Under these condi-

l,ions the constants ('_ and (7_in equation (19c)

are zero. As a fudher sinq)lilivalion p is con-

sidered <'onslatd throughout the integrntion.

This is a rensonal)ly good approximation as

illustral<,d in tigures 3(a), 3(I)), and 3(('). +More-

over, Ill(, magneti(+-ve<'lor-polential derivatives
with t'esl)e('t to X are nssumed to act at, constant

+tvertlge valttes throughout l,he more intense

port[otl o['th(_ ac('(qeralion I'ttnge that is, between

X+0 ttnd X =I.0. l.+ndet • these ('onditions equtl-
tion (l.qc) nmy be written

]B _,,, sin r
<_e _ Lm = 1 at'

p+2t
(A1)

wilh the assumption that _=f3-[-l. Thisassump-

lion is wdid since the minimum wtlue of ¢_, that

for hydrogen ion t)lnstmt, is 1,845. Equation

(19b) m;ty also, under these ('onditions, l)e written

L.,_--,ax-J,,,,sin

If Ihe following product is written as a c.onstant

1), or

F 1 +1)=-- "_ a,,+
/ .... 1 J ._ k,,_-_ Oxd .0

then

pl)l_" _in _r (A3)

Tiffs equation may be integrated on('e 1o give

Ill(, following relation where the eonshmt of

integration is equal to zero to satisfy starling

16

conditions :

pl) 11"1% sin 2rX
(A4)

Equation (A4) may I)e conveniently ln,.l<,d for
two drive currents: large drive ('urrents for which

the :w<'el(watioll is so hu'ge that the process is

eonlpleted ill a sho,'t portion of lhe drive-current
('ych,, nnd small drive ,'urr<mts for which Ill(.,

'iecelevation is so small that the process involves
many <'y('les and the term r/2 1)e('olues much

larger than tile term sin 2r/4.

LARGE ACCELI_RATION

if the acceleration is large, tile sin 2r term
may t)e elinfitutted with the substitution of

2r--8r:+/(i into eqmllion (A4). 'Fh(,n,

pl)IV r :+

)(= (p+2_')a :i (AS)

This exl)rcssion ]nay 1)c integrated once to give

pl)lFr _*
x= 2 (p+ed (i6)

The elimination of r between equal ions (AS)

and (A6) results in tile following relation:

• 12:+'q/ pl) ,\1/4 l_l_2 ._
x:---:i- ($4'-',-)

The basic computations showed that the. maxi-

mum velocity was attained at. values of x about

equal to 1.0. With this assumption and the

substitution for 1/ of e(lualion (15), the velocity
in tlm x-direction for large values of I,/wr .... can
be written

0 1/4(" I _]2

wllere /q is a constant involving the coil configm'a-
tion of the particular accelerator.
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Equation (A7) agrees with die empirical rela-

tion (20) 'rod thereby file assumptions made in

this analysis are justifiable within li,nits.

SMALL ACCELERATION

If equation (A4) is considered for a small
aceeh, r.ttion (tll.|_ is, L._r, ..... is small), then i_ is

seen that the contribution of tile term sin 2r/4

is small compared widt that of the term r/2.

Thus, the equation for k may I)e ai)proximaled 1)y

x= pI) 1F_-

"l!his equation may be inlegrated to give

pl)l_" o
x=4(p_/,_)-_.)__- (m)

Again, in both equations tile constant_ of integra-

tion are seg equal to zero lo satisfy the initial con-

ditions 5_,)--xo_ro_O. If the time v is elinlinated

from equaiions (A8) and (A9) _md B is exl)ressed

in terms of I/o.,r,,,_, then the equation for the

axial velocity for small values of T/oor,.... may 1)e
writteu

]-. # -],/2 I (A10)

where k2 is a constant iuvolviug the coil (!oniigura-

tion of t.]le particular ae('.cle,'ator.

This equation is in agreement wil]l the em-

pirically el)served equation (21) all(] in(lieaI(,s
that the assumplions nmd(, are also reasomd)le for
small accehwalions,
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